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In this paper we have constructed strings of 1,2,. . . , n of lengths n*- 2n +4, n 33, which 
contain all the n! permutations as subsequences. We have shown that all the strings constructed 
earlier in [2] and [4] can be obtained from our construction as particular cases. Moreover our 
proofs that the strings so constructed give all the n! permutations. Contribute new techniques 
and insights. 
Introduction 
Let T(n) denote any string of n elements (1,2, . . . , n} which yields all the n ! 
permutations on these elements as subsequences and k(n) denote the length of a 
shortest string T(n). For example, 212 is a shortest string of two elements (1,2) 
which contains all permutations on 1,2 as subsequences. 
The problem of constructing a shortest string T(n) was proposed by R.M. Karp. 
It is also listed as an open problem in [l] where 1234 123 6432 1 is given as an 
example of T(n). This has length twelve and there is no string of shorter length 
containing all the twenty four permutations as subsequences. We note here that a 
given permutation such as 3142 need not consist of consecutive terms of the string 
but must be from left to right in the string. 
For n = 5, Newey [6] claims that a shortest string must have length 19. Koutas 
and Hu [4] have given a rule for constructing, a string of { 1,2, . . . , n} of finite 
length and have shown that the left hand most n2 - 2n + 4 elements of the string 
contain all the n! permutations as subsequences for n 2 3. They conjecture that 
L(n) = n2- 2n-k4 (na3). 
Recently Galbiati and Preparatn [2] have given another construction and have 
shown that the minimal length L(n) of the string containing all the n! permuta- 
tions is given by L(n) =S n2 - 2n + 4 (n >4). According to them, the determination 
of a lower bound still remains an open problem. 
In this paper we have given two constructions for T(n) of length n2- 2n +4, 
n a 3, (n’7/6) and have shown that all the strings constructed earlier in [2] and [4] 
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can be obtained from our first construction ;LS particular cases. Moreover, our 
proofs that the strings so constructed yield all the n! permutations contribute new 
techniques and insights. 
If in a string of { 1,2, . . . , n) the element i occurs Qi times for i = 1,2,. . . , n 
then (ul,uL,..., a,) is called the occurrence sequence of that string. Two strings 
of (La,..., n) sre said to be equivalent if their occurrence sequences are 
identical up to a renaming of the symbols. FOIV example, 121 and 2 12 are 
equivalent strings of { 1,2]. 
Consider a string of { 1,2, . . . , n} consisting of n blocks written in a line one 
after the other where each block contains IZ distinct elements 1,2, . . . , n written 
in any order. This string yields all the n ! permutations as subsequences for the 
elcmcnt in the ith pke of any given permutation in So_ can be chosen from the 
ith block i = 1,2, . . . , n. the occurrence sequence of this string is (n, n, . . . , n). 
Next consider a strirlg of (1,2, . , . , n) consisting of n blocks whose ith block, 
i== 1,2,..., n is an identical copy of the first block and the first block contains all 
the 11 elements each exactly once but written in any order. If we omit all the 
elements of the nth block excepting the first element we obtain a string which 
contains all permutations in S,. Its occurrence sequence is (n, n - 1, n - 1, . . . , n - 
1 I. 
Before we give our construction of T(n) of length n* - 2n + 4 we prove the 
following theorem. 
‘F‘?;~rem 1.1, In every string T(n), there are two elements one of which occurs at 
iea.9 n times and the ofher at least n - 1 t!mes. 
Proof. Given T(n), there is an element from the left before which every other 
etemcnt appears. If et is the first element which appears after every other element 
then eI also appears there for the first time. Since T(n) contains all the n! 
permutations it contains all permutations beginning with this e,. Now deleting all 
the e,*s and all the elements before the first e, from T(n) we obtain a new string 
T( )t - 1) of the remaining n - 1 elements. We see that e, occurs 1 + ml times 
where trz ,a 0. Repeat this procedure n - 2 times till we get T(2), which contains 
one element at least twice and another at least once. Also in the above process 
each of these two elements has been dekted at least (n - 2) times. Hence in the 
original string T(n) these two elements must occur at least n and n - 1 times 
respectively. 
Corollary 1.2. L(n) 2 $z(n + 1) and the occurrence sequence of T(n) is (n + 
m I, (n - 1) + m,.. . . . , 1 + nz,) tdere m,, m2, . . . , m, are nonnegative integers. 
Proof, We delete at least (n - i + 1) dist;inct elements at the ith step. Hence the 
iorollarv follows. 
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Kleitman and Smith [3] have found out a lower bound for L(n) given by 
n2 _ cn7/4+F* I am thankful to the referee for pointing out this result. 
2. Constructions for T(n) 
In the first section we have given examples of permutation embedding strings 
T(n) of lengths n2 and n2- n + 1. The following construction yields strings T(n) 
of lengths n2 - 2n + 4. 
Theorem 2.1. L(n)<n2-2n+4. 
Proof. We want to construct T(n), a string of {1,2,. . . , n} which contains all the 
n ! permutations. By Theorem 1.1 we know that T(n) will contain an element at 
least n times We take this element to be 1 without loss of any generality. We 
write these n l’s one after another leaving space between two consecutive 1’s. 
Thus between n l’s we have n - 1 gaps. We fill up each of these gaps by the 
remaining n - 1 different elements 2,3 ,**., n written in any order. It is easy to 
see that the length of this string is n2- n + 1. Now we decrease the length of this 
string by n - 3 in the following way. 
From the ith gap (i # 1, n - 1) we drop the element, say (Y, which is the last 
element of the (i - 1)th gap and bring the a! present in the (i + 1)th gap to the first 
place in that gap. By this process we drop n - 3 elements from the n - 3 gaps arid 
there by reduce the length of the string to n2- 2n + 4. 
Now we must srlow that we have all the tt ! permutations. The string construcTed 
according to the c”bove rule looks like 
Now each one of the segmentswandncontains 1,2,. . , Y. Using the ith 1 we 
get all permutations in Sn with 1 in the ith place for we have (i - 1) lower 
segments before and (n - i) upper segments after the ith 1. Hence all the 111 
permutations are obtainable from this string. This completes the proof. 
We note that in the above construction the elements not vvritten in the above 
string can be written in any order as we are only concernetd with all elements 
being present in each segment. 
Again it is clear that we can vary the occurrence of elements. For example, if 
we decide to use a different last element for every gap then the occurrence 
sequencewillbe(n,n-l,n-l,n-2,...,n - 2). This is the situation in the string 
constructed in [4]. 
If we want to minimize the occurrence of an element we should maximize its 
occurrence as the last element of gaps. It is easy to see that we need at least three 
different elements as last elements of gaps for our construction. In case we write 
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the string using just th,ree different elements as last elements, Phen the occurrence 
sequence is as follows 
(i) (n, 11 -.. 1, az - 1, - . . , n -1,&&&z) if n=O (mod3), 
(ii) (n,n-l,n-l,“.., n- 1, f(2n + 1), f(2n + 1), $<2n - 2) if n = 1 (mod 3) 
(iii) (n, n- 1, n- 1,. . . , n- 1,9(2n+2),4(2n-1),3(2n-1) if n=2 (mod3) 
This is the situation in the construction given in [2]. The above two cases are 
extreme cases. In this construction it is clear that we can minimize the occurrence 
of a particular element to [$it] times using that element as often as we can as the 
last element of gaps. Again we note that x in the first gap can be written before 
the first 1 and y in the last gap can be written after the last 1. 
Now consider a shortest string T(3) of { 1,2,3). By Corollary 1.2 the occurrence 
sequence of T(3) is (3 + a, 2 + b, 1+ c) where a, 6, c are nonnegative integers. 
Since L(3) is known to be 7, the possible occurrence sequences are (3,3,. l), 
(3,2,23 and @,2,1). 
It is interesting to note t!-,at we have a string for each of these possibilities. We 
list them below. 
li) 1213212; 
(ii) 1231213,1231231,2131213,2131231; 
(iii) 1213121. 
The occurrence sequence$i being different we have three different shortest 
strings for T(3). These three strings provide interesting example5 ‘like 
(a) a string in which an element occurs imore than n times (iii), 
09) a string in which an element OCCUYS less than En] tim&(i) or (iii), 
(c) a string in which two elements occur n times each (i). 
We give below another construction of a permutation-yielding-string T(sz i of 
length n2 - 2n +4 in which an element can occur less than [$n] times, (Case (b)). 
Theorem 2.2. 7%ere are , ctrings T(n) of lengths n2- 2n + 4, n 2 6 where two 
elenrertts cati occur n tkzes each (Case (c )). 
Proof. Consider the following string. 
1.34. -*or-- 1)2n 134-e s(n--2)2(n--1)ln 34. . m LIP - 3)2(r~ - 2)l(n - 1)n 
34 * * .(1~-4)2(n-3)l(n-2)(r? -1)~ *** 324156..*(n-1)23n 145 . ..(n-1)231n. 
By Theorem 2.1 its length is n2- 2n -L 4 and it contains all permutations. Now 
drop the last z and insert an extra 2 in the first block between 1 and 3. Thus the 
length is not disturbed. Now we show that this new string gives all permutatia TS. 
Clearly we have all permutations with 1 in the first place or 1 in the last place. 
We ixte also all permutations with 1 in the ith place and n not in the last place. 
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Yext we show that all permutations having ;2 in the last place are also obtainable. 
Consider the foilowing string obtained by dropping all Z’S and all the elements 
after the last n from the string under consideration. 
// 
123... l ..(n-2)2(n-1)134 
-=A 
)3 - - l 324156 * . . (n - 1)23. 
fi- 
Now we have all the (n - l)! permutations of 1,2,. . . , n - 1 for we have all 
permutations of 1,3,4, l l l , n - 1 with the ith 2 in the ith place which is clear 
from the figure. Hence we have all the n! permutations. In this string 2 occurs n 
times besides 1. Hence the theorem is proved. 
If n = 0 (mod 3) and we maximize its occurrence as the last element in the first 
construction then it occurs $n times and the last but one n occurs before the 
(n - 1)th 1. Then we can drop the last n and insert an extra 2 in the first block and 
change the position of 2 in every block as we have done in the second construction 
(Theorem 2.2). Then we have ($n - 1) n’s in the string. 
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